Equidistributing grids by Higham, D. J. et al.
                                                              
University of Dundee
Equidistributing grids
Higham, D. J.; Ross, A. B.; Griffiths, David
Publication date:
2001
Link to publication in Discovery Research Portal
Citation for published version (APA):
Higham, D. J., Ross, A. B., & Griffiths, D. (2001). Equidistributing grids. (Technical report; No. NA/198).
Department of Mathematics, University of Dundee.
General rights
Copyright and moral rights for the publications made accessible in Discovery Research Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.
 • Users may download and print one copy of any publication from Discovery Research Portal for the purpose of private study or research.
 • You may not further distribute the material or use it for any profit-making activity or commercial gain.
 • You may freely distribute the URL identifying the publication in the public portal.
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.




      
fffiflffi    !fi " #ffiff$ %  &fl'
ffi()* +,, -
./012341
56789 8:;<8=7;8>? @AB><8;CD : @<E 9E:8B?E9 ;> BE?E<@;E @ B<89 8? F>?G 7?FH
;8>? I 8;C @ ?7DE<8F@A :> A7;8>? J KCE B<89 8: ;C7: @9@L;E9 ;> ;CE ?@;7<E
>M ;CE :>A7;8>? J N 8;C ;C8: @LL<>@FC 8; 8: ME@:8= AE ;> <E:>AOE ME@;7<E: :7FC
@: :C@<L M<>?;: @?9 =>7?9@<P A@PE<: I 8;C M@< MEIE< B<89 L >8?;: ;C@? @
7?8M><D :L@F8?B I>7A9 98F;@;E J Q? ;C 8: I><R S IE @?@APTE E67898:;<8=7H
;8>? @AB><8;CD : M<>D ;CE A8;E<@;7<E >? @ :8DL AE S >?EH98D E?:8>?@A S :;E@9PS
A8?E@< S F>?OEF;8>?H98U7:8>? E67@;8>? I 8;C FE?;<@A >< 7LI 8?9 V?8;E 98UE<H
E?F8?B J WE<E S ;CE :D@AA 9 8U7:8>? L@<@DE;E< S X S 8?97FE: @? Y ZX[ = >7?9@<P
A@PE< J \ ?>OEA ME@;7<E >M >7< @?@AP:8: 8: ;C@; ?> :8DLA8MP 8?B @::7DL;8>?:
@<E D @9E] ;CE ?>?A8?E@< @ABE=<@8F :P:;ED >M E67@;8>?: @<8:8?B 8? L<@F;8FE
M<>D ;CE V?8;E 98UE<E?FE @?9 E67898:;<8=7;8>? E67@;8>?: 8: :;79 8E9 98<EF;APJ
^>< E67898:;<8=7;8>? =@:E9 >? ;CE V<:; 9E<8O@;8OE >M ;CE :>A7;8>? S IE B8OE
E_@F; M><D7A@: M>< ;CE B<89: J ^>< @? @A;E<?@;8OE S :D>>;CE9 S V<:; 9E<8O@;8OE
@AB><8;CD S IE V?9 @:PDL;>;8F Z8? X[ M><D7A@: J Q? ;C 8: F@:E IE :C>I 8?
L@<;8F7 A@< ;C@; 7LI 8?9 98UE<E?FE: F@??>; AE@9 ;> XH7? 8M><D F>?OE<BE?FE S
@A;C>7BC S 9EL E?98?B >? ;CE FC>8FE >M D E;C>9 L@<@DE;E<: S ;C8: A@FR >M 7?8H
M><D 8;P D@P ?>; = E >=:E<O@=AE 7?AE:: X 8: E_;<EDEAP :D@AA J NE E_LA@8?
C>I ;C8: <E:7 A; F>?;<@:;: I 8;C L<EO 8>7:AP L7=A8:CE9 ?7DE<8F@A @?9 @?@AP;H
8F@A I><R J ^>< @? E67898:;<8=7;8>? @AB><8;CD =@:E9 >? L@<@D E;<8TE9 @<F
AE?B;C S IE F>?:;<7F; :>A7;8>?: ;C@; :@;8:MP ;CE V?8;E 98UE<E?FE @?9 E67898:H
;<8=7;8>? E67@;8>?: ;> AE@98?B ><9E< 8? X S @?9 9ED>?:;<@;E ?7DE<8F@AAP ;C@;
;CE:E @LL<>_ 8D@;E :>A7;8>?: @<E <EAEO@?; J
`abcd e fghdijckl fkkmfjd fd amibgcifn omkpjl qr stuv w xgcymjdclz p{ |hg}mm fg} xgcymjdclz
p{ ~ljflbinz}m  flbmeflcid omdmfjib omkpjl   t 

|mkfjle mgl p{  flbme flcid w xgcymjdclz p{ |hg}mm w |hg}mm || t q w ~iplnfg}  e fcn 
Ł   ŁŁ  
 ~hkkpjlm} z lbm gcgmmjcg fg} bzdcifn ~icmgimd omdmfjib

phgicn p{ lbm x hg}mj jfgl os 
 
|mkfjle mgl p{  flbme flcid w xgcymjdclz p{ ~ljflbinz}m w  nfdp¡ w  t t¢ w ~iplnfg} 
e fcn 
Ł£   ¤  
 ~hkkpjlm} z lbm gcgmmjcg fg} bzdcifn ~icmgimd om¥
dmfjib

phgicn p{ lbm x hg}mj jfgl os 
¦
|mkfjle mgl p{  flbme flcid w xgcymjdclz p{ ~ljflbinz}m w  nfdp¡ w  t t¢ w ~iplnfg} 
e fcn 
¤ ¤§   ¤  
 ~hkkpjlm} z lbm gcgmmjcg fg} bzdcifn ~icmgimd
omdmfjib

phgicn p{ lbm x hg}mj jfgl os fg} z lbm omdmfjib fg} |mymnpkemgl




      	    	ff  fi

   flffi 
  
 	  
! " # $%&'( )&*'+ , -./ .0  -./ 0-  
1 234 56 7 8 94 :6 3





 fl  ffi  fi
fl 	ff <fi   fi
 fifi  = fl  >?  -@ fl   fl
flfi  fi   A  ff
  
  fi
  fl 
ffi fi
  fi
 	ffi fi  <	fi fiffi fi    fi

 	  
fi 
  B fi C  D 
 
 fiffi fi   fiffi 

fi 
ffi  A fiffi  

 fi C  >
E
 ?  .@    fifi fi 
	
 fl 	    fl  fififfi  	ffi fi  ffi 
fi FGH  	I  	  < fiffi 
fl  fififfi 
fi  	  
 flffi fl  	  = 

  






 fi	 <	fi ffi   	 K flffifi
fl  	  A ffi    fiffi  	  fiJ	

 ffi fi D	 
fi L  M      	
 fiffi 
 flffifi fl  	    B
fi
?
 fi	    fi	 <	fi ffi 	 fi


K ffi  fifi   fi  fififfi  N ffi  fifi
 fiffi ffi D	  fi .  B  ffi 	 fl fi fi   	 
ffi fi  
= fi	  J	ffi fi    fi	 
ffi
OP Q ROPP S






0 fi  fiffi  


























fi ffi      a
VR
W













  < 	 











 =  nf 	  ffi 



















fl  	 fi
















































































































































  B 	 
  BB  	fffi  fi
 
 
[  fiffi 
V
W
fi C  fi  
 	 	ff  ;   	ff fiffi 

















































































































  fl 































































































































[  	  	 <	fi fi    	     J
ffi  fi  A 
fifi fl 	  	 fi











































   
©
fi  K	   M    
  of fi 	  
 	ff 

K ffi    fi 	

I  < of    fiffi 




K ffi  fi 




 ff fifi 	ffi   = fl 
V
©EW


















































































































































    	ff 	 	 <fi




























































































0     		 fi  





T  T   


















































@ fi  K	 














 	fi  <	fi 

















































= ffi C   fi C  fi	  
ffi fi    	

   K	 	 flfi   fi  
R
fi fiffi   
B >?@  
 	  	ff fiffi   






 B 	  fifi
R
Jflffi 
   fi
fi	  K fi   	 <fi 	  	  J
 K
fifi fl  	  [ fi 	  fl fi  fi   

K ffi   
  fifi flffi  fl  fififfi 	 fi 	
 	 fl  
	ff flffi fi	  fi









@  A fiffi  fifi fl

 fi	   	D	 	  

 fi 
>.@  N 

 fi  fi	  fl  fififfi 	  fi  fi  fiJ
 L   	 fi  




 fi	     
[  fifi  >
©
 fi L  ?@ fi 
 
fi ffi fi fi 	  fi  B
>
©
@  fi fi	  
  B  	 ff fiffi  fl  fifi fl 
ffi fi
   fi
 fi   [  Kffi   fiffi 
R
 
 fl  fl
 fififfi  fl  fi  fi fl
R Q
0 	  fi 
  ffi 
 fl ffi fi 












fi	   	  	 a
VR
W
    = 
 fi  D




fififi fl  	  fi  B 
   	   

 	 	ff  	 fi
fi    a
VR
W
   	 
V
fi L  
EW
 [ fi  










K ffi  fifi
  fiffi  fi	fi  c 
 
©
 	 fffi  fi fifi  fi
	  fi fl	  >
©
@  M
    































of fl fi	 fi 	ffJ




fl   	ff flffi   ffifi 
  f 
Q
0 fl    
V
N fi  fi
of
X































	 fi  f
X
0 fl    [ fi ffi Cfi   JC  fi  
 	
fifi  ffi   
.
   :54 5:4 : 8 :7 :4 5:	8 4 :6 3
B  fi





































B fi fi  
  	ff 	 	 fififfi    fi
	 K 




























































































G %(F 1 1
"
-


























































   fi 
	  [ fi fifi fl fi 
    
 fifi  
$&



































    fi















ffi ffi  fi fl   f =fi ffifi   
 fi
  	 fi enf gh
f ij


































































































   	ff fififfi ffi     
E
R

























































































fl 	  fl of k ?
R























/    ffi  fifi fl fifi A 	   c fi    fi  

















fl fi  	fi fl 
Q 
  ffifi 	 fl  
X  V






 [  ffi  













    





















fi  of  a
VR
W





 [ fi   
 fifi  fi  fi A






















































































5   6 ,













































 /   fi
 fl  o
`
	ffi fi  ffi 










of fi  fl fl o
`
    fi   fi fl fifi









[  fifi  
 

   fi   	 fi fi fi	 fi 
 fiD fl  

K ffi    fi 	

  B





  	 









fi  fi 		 

 fi fl 




















 A fi    fiffi fi 
 ffi 







fi fi  
  BB  	 ff 	fi 
C     	   
   ffi fi  flffi 	 	 










































fi fi  fl fl
R
 = fi  fl   







	fi   K	 ffi
  fl
R
    ffi
    
fl 







T  T   = fi
 fi
R
	fifi fi 	 fi
fi 




  ffi 
 fl 
fi ffi   enf g  ffi   



































































T  T 
b
 	  p eUf
S
nf g  
B  ffi  fifi   fi	  
  B  	 
 	 	ffJ
  
  6 6 47  54 75:4 : 6 8 4 :6 3







fi  fiffi  
ffi  
    	 	 	 K
fififi fl  	 fi
fi  























	     f 
Q
0 fl    










































































































M    	 fl   f =fi  














































































































! !*  
G








































































































































































































































































































































































































































































































  fi f y
`
fi  	 
 fl f 	
©
 ff fi 
`
Q






















   	  c    	   
	 f  	
`























I fl 	fifi   



























































M   fl K	 
X
©
	   	 fi  fiffi 
R





 	   B
  	 K
     	ff
©
0
fiffi    fi











        =  fi  fi fi
		  fi fl 
 fi fi 	 
 fi  
   













  fiffi   
 << &  





























































































5   6 , = C flffi

fi L  
E

























































































































































































































































Cfi  fi 
  ffifi   
   fi
©
?
  fl  	
 fi  
B  

































  fi   
fl fl


















c  L fifi

fifi L  
E
	 L  
?





















 B  fi   	  	 
ffi C fi fl  fifi   
 fl fl

















fi fl	  fi
   








A[A =fi   >






























	   
A[A =fi    [  flJ	 











































fi L  
E





























































 = fi  fi
R
fi 		  ffi 	J
	  fi fi    	
   ffi  ffi 























fiD   fi 
 fifi  fl  ffi  ffi 	  fi
 
 	  	< 	  fi 
  	    	
   



















hN/ε      















error at xN−1        
error at (xN−1 + 1)/2
c L p 
 fl o
h
	   fl 








































fi L  
?








































































































































































=    
  




















	fi 	  fififfi 

  K fi fi <	fi	
V
   fi   flffi fi





fi L  ? fi fi    fi fififfi 
 fi 	fi		 
 fi 	    	  fifi  













 = 	      ffi fi	  fi	 
 
 fl ffi  fiffi fi   		 	fi   	fi	
   
fi
 fl 	fi  fi  
  M 
   ffi 
fiD 
 fifi  >
E
 ?@ fi C	 
  ffi  K
 ffi 
b
















 fi   
		 	 
 ffi 
	 	fi  
 	  B  ffi 
K






  fl	  fifi  C   fiffi 
    	  fi
  Jflffi 
 ff 









fi fi ffi 	  = fi ffi 
fiD 
 ffi 
fi fl c L fi	 fi
  flffi     fifi 
	ffi   	  A   fififfi fi









fi L  
?
ffi Cfi        	fi  	
 fifi flffi fifi 	 
 	D	 fififfi 
fi  
  7 :3 6 575 5:7 8   :4 35 :7 5 9
34
B fi fi  fi flffi fi fl 	 	 fi	 fifi fl

<	fi  B  fi fl 












  fi fl 













fi  fi 

K ffi  fifi  
   fifi    
 fl	 fi   	    < fi
   	  K fifi
V
   	 
W
fl  fiffi  flffi  
=  fi	  fifi  fi
   K fi fl   	   
= fi flffi c
©
   fi 
 fi   fi  fififi fl
 fi  fifi  fi	     fl fi  fi 
  <	fi	 	fi   	 fl  ffi  fi    fl fiffi   
 	 fi flffi fl  T  	  fi 	fffi  flffi fl     


























of  o /
ffi'
©












































































































































































































































































































































































































































































































































5   6 = fi	 fi  fi    fi 
  = 

 K fi 
fi  fi 
  fiffi    	   	  	
 




r : '+ ,
©
T  T 
_
©
  of  o
Q
©
























T  T 
_
© Z

































 /  fi  fi 









fl  ffi  fifi   
  n
   
 D  
V
[ fi fi 










T  T 
_
©






































;+& %& ,  x
©



































  ffi 





















































B ffi fi  fififl   	ff 	 	 <  
Q





 	    	fi


































































































































[ fi ffi 
fi  fi fl  
  
[  
fl fl  		 




r : '+ ,
©
T  T 
_
©
[  fifi fl fi   fi fl  










 [ fiffi 









[ fi fi  ff   fi	    	ff <fi  
	 	
W







T  T 
_
©
 fifi	  a
VR
W





 ,  x
©

































B ffi fi  fififl   	ff 	 	 <fi  
Q





 	    	fi
 fi  












































	   fiffi  fl  fi  
[  	 <  
Q












































































































[ fi ffi 
























 fi fi 

K ffi 
ffi  fifi 
    	 <
   A fi   fi






 fiffi     [  fi fi fi fi 	    KJK fi  [ 
 





 q  [  ffi 
	
fl  fifi fi  fiffi  fl y 	  q    fiD fl  fi 	 fi
















I  fi   fiC fl ffi  fi
fi
  fiffi       	 I   	fi 	 	
fifi K fi  
B c
?



































K ffi  fi fi   fifi   
< fi
  [ fi fi







  c   ffi 
 >





A / 	 
 B/ A >L@  =
fi







  fl  fi
  [ 
fi fi fi 
	   fififi  B fi    








fi fi   fi     ffi 
	  
  c  .

 fi  K
 ffi    
Q








fffiflfl ffi  fifl
)%GH H%
















































































































































































 K fi  fi  
©
-









Final        













Final        
c
?






















r : '+ ,
©
T  T 
_
©
  of  o
Q
©














T  T 
_
© Z



















































T  T 
_
©





































 ,  x
©






























































  ffi 



















Final        













Final        




































































B ffi fi  fififl   	ff 	 	 <fi  
Q





 	    	fi
 fi  




































[  	 <  
Q




























































[ fi ffi 















 fi  <	fi fiffi 
fifififl  
fi 













  fi   fi  <
ffi  fl fi
fi   fiffi   	   	     <fi
 
  
B c -   fi 	  	 	 fi fi	 

J
























K ffi  fi fi   fifi    <
fi
  fi fl cfi ? 	 .  [  fi fi fi 
	   fififi  [ 


K ffi  fi fi fi  
  fiffi  <
 flffi fi    fi
ffi 
	   fi

















fi ?  L   
 	 fi K











































































Final        











Final        

















 6 3 9 8:6 3
N 
 fi  fi C fi   	 	
 	fi  ,
































  fi fl 
  B 	






 fi    	    
  B  	 fffi  fi	 
 ffi fififi  
V








 	  B fi ?  fi 







   fl    fiffi   	   	 I 
fl  fi  
fi   
  B  	 ff  
N 






 = ffi 
fiD   
 	 fifi  fifi L 	 ?


	 <fi   a
VR
W
 	   fifi 	  fl flffi
fifl	 

 fl  ffi 
 fl ffi  

fi L  ? fi 
 
fi  ffi fi fi




fi ffi  	  
 	    
 	 	ff  
 fiffi 	 fi 	





B 	 fi   fl fi  C fl  
 <	fi fiffi  fl

 	 	ff  fi   ff
  











 fl  fi	 









 L  
V
[ fi ff fi fi 
 	  fl 




[  K fi fl ffi  fifi   fi	 
ffi ffi   

 ffi fl    	 ffi J	
 	 
ffi fi    	
 fi	 fi  [  ffi  K
 ffi fi  >

@ 	  ffi 
	 	J
ffi fi  fi  
   ffi J	
 	 fi  	  Kfi fl 


 fi	  ffi  K








 = C   ffi 
 fl fi

   <J
 fi
 fl 
A[A    
 CD fl  ffi  fl ffi  	fifififi
  
 fl <	fi 	  












    
   

  G









































































































































>L@     
 ff 



















 [  











































































%H    ffi 
  A 

  

















   
























































 '2  
G (
 
    ffi 
  A 

  
























! fi0  '

















































































*  0  
     	fi fl  ?  fl  ffi  	
































 / C  
 fifififi 
©

E
 
E©
